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ABSTRACY

The closure that occurs in conventionally-mined cavities
and in solution-mined cavities in salt which are to be uti-
lized for storage is a significant design problem. Further-
muore, the surface subsidence that is iikely to accur. due ta
such closure will be significantly influenced by the time-
dependent response of the salt. Therefore, it is necessary to
develop analytical techniques which can be utilized o pre-
dict the closure in saly cavities. The finite element technigue
iy a very powerfild 1ool to solve boundary value problems. 4
comprehensive computer program which allows for elustic,
alastic-plastic. no tensian and jointed materials and cveep
behavior hos been developed The program s copable of
solving plane strain and axisymmerric problems. The creep
strains are calculoted by the power law:

e = ko tm

Incremental as well s Rerative analyses were used lo calou-
lute non-steady creep strains. In these analvses, short time
intervals are uneconomical and long intervals lead 1o insta-
bility in solurion. Different criteria to overcome this diffi-
culty were examined. Afier steady stete has been achieved,
Jurther deformation is computed directly. Hlustrative
houndary value problems involving elustic and elastic-plas-
1ic materials with creep characteristics under plane strain
and axisymmetric conditions were splved, and the results
compared with theoretical solutions. Excellent agreement
between the two wuas observed, Utilization of these analyti-
cal techniques io practical problems is discussed,

INTRODUCTION

The crust of the earth is in a complex state of stress.
Underground excavations in this stressed medium change
the existing stress conditions in rock surrounding an open-
mg. The changed stress paitern results, in general, in elas-

tic and inelastic displacements. As a resuft of these
displacements, a further distribution of stresses takes
place. In materials like rock salt, potash, ete., these dis-
placements will be time-dependent. The closure that oc-
curs with time in cavities created for storage reduces the
usable volume. The subsidence over mined areas in rock
salt is alsc & time-dependent phenomenon. Sometimes,
creep may result in the transfer of load to weaker stratum
over mined areas resulting in progressive failure which, if
allowed to propapate, can result in caving and a cata-
strophic type of failure. Changes in the shape of openings
with time and rock bursts are the evidence to indicate that
effects of time on stress distribution and defiection can be
significant. Traditional analytical methods caanot take
into account all the factors affecting the magnitude and
nature of deformations of salt cavities and have to make
simplifying assumptions. Even with these assumptions,

- only simple problems can be selved. The availability of

high speed computers and numerical techaiques such as
the finite element technique, have greatly reduced the
number of simplifying assumptions necessary for analysis.
The present paper describes the modification of a pro-
gram developed by the authars (Chang and Nair, 1972) to
take into account time-dependent material characteristics.
This permits the prediciion of closure and subsidence as
a function of tme. First the choiee of model to represent
the salt is described. Then the method of analysis is out-
lined and finally the results of illusirative exarmples are
presented. :

CHOICE OF A MATERIAL MODEL

The choice of a suitable mathematical model to repre-
sent the time-dependent behavior of a material is an essen-

tial and important step in the solution of a ereep problem. -

The selection of 2 model is based on s ability to predict
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the behavior of the real material. The model should be
complex enough to duplicate the behavior and simple
enough 10 be handled mathematically.

The theory of linear viscoclasticity has been ubilized w0
analyze time-dependent problems by classical techniques
and in conjunction with the finite clerment method (Ginirk
and Johnson, 1964; Taylor and Chang, 1966; White,
1968). However, it has been observed that the time-
dependent response is significantly nonlinear; and hence,
the linear viscoelastic approach may not be spitable,

Tests conducted by U.S. Army Engineers WES (1963)
showed that rock salt is elastic-plastic in nature. It was
observed that after confining pressure of 2500 psi, the
effect of increase of confining pressure on the strength is
not appreciable. On the basis of these results, rock salt can
be modeled as Mohr-Coufomb material st low pressure
and Von Mises material at high pressures. For the time-
dependent response, Boresi and Deere (1963) suggested a
creep law of the form:

€. = kont® (1)

where €, is the creep sirain, o is the stress difference
causing creep in psi and t is the time in hours. Mair (1970},
on the hasis of additional exiension tests, found that this
law provided a reasonable representation of the data.

Serata (1968) proposed a viscoelastic-plastic rheologi-
cal model to represent the response of salt te load. This
meodel requires evaluation of ten coefficients. The evalu-
ation is very cumbersome and requires exfensive testing,
and it is extremely doubtful if the representation is more
accurate than the empirical power law. Winkel et al
{1971) reported that considerable variation in ihese coeffi-
clents can be expected from site to site, Parameters ob-
tained for material obtained at one site cannot be used for
another.

In view of these facts, the empinical law of the type
presented in Bgn (1) was used in this study. The coeffi-
cients k, m, and n can be easily obtained in accordance
with the method described by Nair and Deere (1569). It
must be painted our that Equation {1) holds under uniax-
tal loads. In a multlaxial stress field, o is replaced by an
equivalent stress o,

FORMULATION AND ANALYSIS OF CREEP
PROBLEMS

As with any boundary value problem, there are three
essential elements i formulating the problem: {i) govern-
ing equations (equilibrium and compatibility}, (i) the
stress-serain relations, and (jii) boundary conditions. It is
then necessary to develop solution techniques to solve the
problem as formulated. The governing equations apply to
all problems and are described in detail in textbooks on
mechanics. The boundary conditions specify the partieu-
Iar problem under consideration. It is the stress-sirain

relations which specify the material characteristics. These
are described in this paper. Following the discussiont on
stress-strain relations, solution techniques for representa-
tive problems based on the finite element method are dis-
cussed,

Creep stress-strain relations

General. The creep deformations of isotropic materials
are shear deformations which are accompanied by little
volume change. The following assumptions are made in
the derivation of stress-strain relations during creep

(a} No volume change occurs due to creep strains,
1.e., the material is incompressible after creep be-
Eins.

(by The principal shear strain rates are directly pro-
portioral to the corresponding principal shear
SIFesses.

{c) The principal strain axes do not rotste onder
deformation; Le., the principal normal strains are
in the same direction as the corresponding princi-
pal normal stresses.

{d) The strains are smail.

From assumptions (b) and {c), we can write in general:
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For our purpose €, = €, = U as gy, = 6, = ¢ in

the boundary problems of interest. Defining equivalent
siress as: .

o, = \/g{aaﬁ ‘]{j}”z (3)

+ 1 :
aj = 05 — FOkk By (4)

From these equations and the assumption of no volume
change

Defining cquivalent strain as

SENE S

Equation {6) can be written as
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Tima-Oapendent Analysis

Substituting this valoe in Equation (%) gives:

3 & :

= 2 B

0=3 5 {8)
From Equation (2) and (8) we get

. 3l

ef =3 7 0 ()

Equation (9}, with the creep law €f =k o0 t%, 15 used to
get the components of creep strain increment at any time.
Plane strain. Equation (9) is a general equation and
can be used for axisymmetric problems. However, when
using it for plane strain problems proper consideration
should be given to the kinematic constraints in the Z
direction.
The stress-strain relationship for a marterial when creep is
continuing can be written as

€, z-IIE fo, = woy, + o)} €

= 47 — < :
e = ¢ {o, — o, + o)+ o {10}
e, =f§ fo, — vlo, + o)1+ €

For plane strain €, = 0. From the last of Equation {10)
g, = wo, +o,) — E €5 (11

substituting this in the first two of Equations (10}

€ = %{(i - 92) O - y(i- + p_] Uy}+ 6; ' peg?
"

It is easily seen that in Equation (12) the quantities within
the brackets are elastic strains. This shows 10 account for
€f in a plane strain problem, a strain equal to ueS is added
to the strains in x and y directions. To calculate o, Equa-
tion (11) is utilized.

It should be recognized that the assumption €5 =0 for
plane strain case will not be correct. The total strain and
not just the creep strain in the Z direction Is zero.

Parthermore, in practical problems of stress analysis,
the stresses change with time, and the question arises:
What is the strain-time path under varying stress? Nair
and Boresi {1970} addressed themselves to this question,

kY

Apge-hardening or strain-hardening laws can be used. Con-
sidering the present level of knowledge with regard to
material properties and other i situ phenomena, the
difference in the strain-hardening and time-hardening ap-
proaches cannot be considered significant (Nair, 1970;
Greenbaum, 1968),

Solution technique

Because of the complexity of the boundary value prob-
lems associated with practical problems in rock mechan-
ics, it is necessary to utilize numerical techniques to obtain
solutions for representative boundary value problems. Of
the numerical techniques, the finite element technigue has
proven fo be the most powerful for the solution of bound-
ary valze problems {Clough, 1960; Wilson, 1963; Zien-
kiewicz, 1972).

The basic concepts of the finite element method have
been discussed extensively in literature. Various proce-
dores have been utilized in conjunction with this method
to inclade nomn-linear stress-strain properties, elasto-plas-
tic yielding and joints and the geological discontinuities in
the stress analysis of rock masses. Chang and Nair (1972)
developed a computer program which has the following
features:

. The tensile stress is not allowed to exceed a pre-
scribed rensile strength. Materials with no tensile strength
can be analyzed.

2. Mo stress point in the stress space is atlowed o stay
ouiside the yield surface for the material. The material can
be either Mohr-Coulomb or Von Mises.

3. A joint perturbstion analysis can be conducied fo
take into account joints and gealogical discontinmties. If
the normal stress across a joint is fensile, it is assumed that
the joint is incapable of resisting any shear stress.

Details of the computer program or the theory behind the
analysis will not be repeated here. They are given in Chang
and Nair (1972). Onlyv the necessary modification of the
programn to include time-dependent or creep analysis is
outlined below.

Time-dependent analysis for problems in rock mechan-
ics can be considered in two categories. The frst includes
those cases where the boundary value problem changes
with time. Such problems include gradual creation of cavi-
ties. The second category includes those problems where
the properties of rock are time-dependent. This is essen-
tially the case when materials like rock salt are invalved.
It is this case which 1s considered here. Time-dependent
analyses have been developed by Boresi and Deere (1963},
Greenbaum (1966}, Nair (1967}, Aiyer {1969), Nair and
Boresi (1970}, and Winkel ot al. {1971). However, these
analyses could only solve refatively simple boundary vaiue
problems. For example, they could not consider bedding
planes, no tension, efasto-plastic behavior, ete. The analy-
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sis can be conducted by two procedures: {a} Herative pro-
cedure and (b) Incremental procedure. Computer pro-
grams have been developed to utilize either procedure.

Creep Analysis by Iterative Procedure. A method of
successive approximation is used to solve the problem.
The relationship between stress-strain and time is given
bv:

€, ™ €q T koUtT
a .
=== + ko™

E,

Defining the time-dependent modulus E(t) as

= e
E{t} Z,
£, N
fifr) = s {13
b+ Bokal™lt™
where:

E, = Initial modulus
o, = Effective stress
g, = Effective sirain

It is assumed that change in modulus with time is such
that material remains isotropic. The first compuiation is
made at t = 0, At the next time interval, 2 new modulus
is computed from Equation (13) and a new stress distribu-
tion obtained, This is checked for convergence with the
previcus stress distribution. Convergence may be mea-
sured in terms of effective stress, If convergence is not
satisfactory, the new stress distribution is used to compute
a new modulus for every element and the analysis re-
peated. After convergence is reached, the analysis moves
to the next time interval. There are no convergence prob-
lems associated with an Herative procedure;, however,
there can be significant errors in the results for certain
classes of boundary value problems.

Creep analysis by incremental procedure. In this proce-
dure, the total #ime of analvsis is divided into a seguence
of time intervals. 1t is asstmed that the stresses remain
constant during the interval. The creep straing occurring
within the interval can be calculated. The creep strains are
distributed elastically to restore compaiibility. This
rethod is often referrad to as the “Initial Strain™ tech-
nigue or & method of successive elastic solutions. The
procedure is described step-by-step below,

a. An elastic-plastic solution whick has “no-ten-
sion™ and joint elements provides the stresses ar

t == o due to 4 systern of applied loads and bound-

ary conditions. The houndary loads may be ap-

plied in steps but any excavation or construction
is assumed to have occurred in one step. This has
been described in dewsil by Chang and Nair
€1972).
b. The increments of creep strains during a short
time interval from t = 0 10 t = At are calculated
using the creep law e = ko?t™. The compe-
nents of the creep strain increments in case of
axisvmmetric and plane strain cases are caleu-
lated from relations developed earlier.
The creep strain increments are treated as initial
strains. The initial strains are converted into
equivalent nodal point forces and stresses which
are added 1o the applied loadings and an elastic
solution is obtained.

d. A check is made to see if, because of the redistri-
bution of stresses, any of the elements is outside
the vield surface. If this condition exists, the ex-
cess stresses are redistributed as described by
Chang and Nair (1972} and the stress condition
returned to below the vield level

e. The method proceeds by taking the second time
interval. By keeping record of cumulative stresses
and strains, a compiete creep solution is ob-
tained. This s continued till the steady state is
reached.

Srability of safution. Greenbaum (1966), on the basis of
analyzing asisyimetric problems, found if large time in-
crements are used, the solution becomes unstable, The
magnitude of the time interval depended on the material
constants and the state of stress. Similar problems were
experienced daring the present study, especially in cases
in which creep strains were very large as compared to
elastic strains. For économy, such problems have to be
solved using as large a time interval as possible within the
constraints of solution stability,

During the course of the research described in this
paper, a major effort was directed in developing and ex-
plaring the methods of automatic generation of time inter-
vals. As the economy and stability of the solution depends
upon the time increments, this is discussed in detail in the
next section.

Time intervals for sizhifitp. As pointed out earlier, (o
solve problems without spending prohibitive computer
time, the time intervals have to be large. But at the same
iime, they cannot be 50 large as 1o cause instability in the
solution. n the beginning, ie., soon after t = o, the
stresses change very fast and change Hitle after the steady
state has been reached. This means that rime intervals
have 10 be smuller initially and may be increased as creep
proceads. For this purpose, an automatic time generation

o




Time-Danandant Analysis

rechnique becomes indispensible to a computer program
of this type. The following methods were tried:

(2) Time Intervals According 1o Rate of Stress Dis-
tribution: This 15 a fechnigue fo incresse time
mterval when the rate of change of stress slows
down. The next time interval is calculated based
on the maximom allowable change in any inrer-
val and the maximum change which occurred
during the previous interval. This can be written
as

Ayer=n ¥ (i4)

where N is the allowable change and M is the change
recorded during the previous intervals. Greenbaum {1966}
proposed the relationship

_— ’—n—_ g o
At b=t g mx}J (15)

and recommended 1 as 0.03 1o 0.05, ¥ was soon apparent
that Equation (15) will increase time intervals too rapidiy.
For this parpose, anather check was applied that

Aty <F.2 0t {16}

and that the maximum change of the effective creep strain
must be less than maximum elastic sirain.

AeS o« ma %)

This corresponds to lmiting the maximum @ime interval
s0 that

é It .
At pay <[ Ek] (18)

where E is the Young’s Modulus, k, n, and m are creep
constants.

Treharne (1971) studied this criterion in detail and found
that with this criterion, the longest time intervals were
reached in some cases scon after arrival at steady state
solution, The time intervals decreased and solufions
became unstable.

(b) Another criterion is similar to Equation (16) with
the additional requirement that the creep strain
during an interval is restricted 1o less than a frac-
tion of the elastic strain at the start of the interval

Aeg < el {19

13

This can be wrilten as

A — B (20)

The disadvantage of this criterion is that 8 is not specified.
Different values may have 10 be used for different prob-
lems. Also, for steady state condition and for materials
m = 1 Equation (20) predicts that At will not increase
with time.
{c} This criterion was developed by Treharne (1971).
It was postulated that difference between true
and calculated stresses are in the nature of per-
turbation. These perturbations attempt to decay.
The critical step length is taken as the maximum
time step which ensures that the decay of any
such perturbation is stable. The slower decay
rate, for which the solution is stable, 15 for a
perturhation which is an eigenvector. Therefore,
the problem reduced to determining the eigen-
vector perturbation with the fastest decay rate.
This is the lowest eigenvalue. Based on this prin-
ciple, the following equation was developed for
shear perturhations which are maost critical.

. 1 '

ar <3 S — on
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This can be written as

4 (1+v) i
At < < 22
3 F krmﬁ“ 1;m-1 (22)

Equation {22) is a very simple expression to be used. Al
this time (1973), with the limited experience, it appears
that use of Eguation (22} will usually avoid instability in
solution and economy in computer time.

Steady state. For some creep problems, a steady-state
condition (stress state does not vary with tirne) is reached
after which creep strains and deformations can be ex-
trapolated to the final time of interest without taking any
further mmcremental steps. In the program developed, the
steady state was assumed to have been reached when

A, Av :
o (52)<n, 23)

4]
*  max

where n; and n, are consrants. After the steady state has
been reached, the program extrapolates the displacement
and strains.
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APPLICATIONS

Elastic thick walled cylinder

An infinitely long, thick-walled cylinder with open
ends subjected to internal pressure was selected as an
example for axisymmetric body of revolution and in plane
strain. The elastic constants wsed are same as uased by
Greenbaum {1968), The cffective creep strain is assumed
to be given by

€0 = 6.4 X 10718 af (24)

and Modulus of Elasticity = 2 X 107 psi
Poisson’s Ratio = 0.499

The stress distributions for the elastic {t = 0) and the
steady state are shown in Figures 1 throogh 3 as a function
of radius. For comparison, the results obtained by Green-
baum are also plotted, The agreement is excellent. These
results show that due t0 creep, the clements with higher
stresses are retieved of Joad which in turn is passed on fo
the elements with low stresses. Figure 4 gives the nside
and outside redial deformation as a function of time. The
steady state is reached after two hours. After two hours,

Fourth interationsl Symposium an Salt-Northera Ohio Geolugical Seciety

the curves become straight lines and can be extrapolated
to get the deformations at a larger {ime.

This extrapolation is possible only in cases where the
creep rate is independent of time.

Elastie-plastic thick walled cylinder

In this problem, a thick cylinder subjected to an inter-
nal pressure is analyzed, At t == (, there is a plastic zone
in which the stresses exceed the yield strength of the mate-
rial. The material is assumed to be Yon Mises and Pois-
son's Ratio is assumed to be 0.3, The creep strain is
assumed to be

e = 6.4 X 10718 g%y {2%)
-] e

In Figures 5 to 8, a is the inside diameter and b the
cutside. The stress distribution for this problem at t = 0,
0.55, 2.05, 4.93, and 9.01 hours are shown as function of
radius in Figures 5 through 7. The distribution of these
stresses at ¢ = 0 matches with those calculated by Chang
and Mair (1972}, The other results are being presented for
the first time and are not available in literature for com-
parison. It is interesting to note how the elements with
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high circumferential stress relax and stress transferred to
outside of the evlinder. Similar trend is shown for axial
stress. However, as in previous examples, the radial stress
mcreases in magnmtude with creep.

In Figure 8, the inside and outside deformations have
been plotted as a function of time. It is seen that these
curves are very much like creep curves, which is to be
expected. The steady state has been reached around six
hours.

Spherical cavity deep in ground

Ta iflustrate that the programs developed are very use-
ful in the prediction of creep closure int case of cavities in
rock salt, results of the analysis of a spherical cavity are
presented in Figures 9 and 10. The spherical cavity of 95
feet in diameter was analyzed under a hydrostatic pressure
of 3100 psi. The time hardening law was used. The mate-
rial constants used are indicated on the figures.

The relaxation of the stresses and increase in displace-
ment with time should be noted. It can be observed that
the majority of siress relaxation occurs in the initial 24
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hours and practically all of it is complete in one month.
In evaloating fatture through continuing deformation the
possibility of a creep rupture should be investigated. The
finite element method can be used to analyze cavities with
liners or any other artificial support. Stresses can be calen-
lated with time as load gets rransferred to the sapports
with time. This gives us an important tool to design these
supports tationalfy.

CONCLUSIONS AND SUMMARY

Finile element programs have been developed for the
purpose of performing creep analysis for plane strain and
axisymmetric boundary value probiems. The materials
can be no-tension and elastic-plastic materials. Joints and
geological discontinuities may be present. No example has
been presented having these discontinuities due fo expen-
sive nature of the program. The program can predict com-
plete time history response to comphicated structures. The
empirical creep law used is capable of reproducing the
highly non-linear response of materials like rock salt. The
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creep parameters are easily evaluated from a simple cor-
pression creep test. The law is very general and permits
consideration of strain hardeming or age hardening faws.
Any other empirical law can be eastly incorporated in the
programs,

At the present time, even after a lot of experience with
the programs, it is premature o indicate with any degree
of confidenice which eriterion for automatic time genera-
tion scheme will ensure stability of solution under alf load-
ings and boundary value problems. A certain amount of
experience and triai and error is necessary in solving prac-
tical problems. The examples demonstrate that the pro-
gram is operational and can be used 10 solve boundary
value problems with complex geometry and loadings.
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